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Abstract  
We show that there are no oval configurations of involutions in the symmetric group $14 
invariant under conjugation by a Frobenius ubgroup of order 39. 
1. In t roduct ion  
An oval configuration of involutions in the symmetric group Sn, where n is even, 
is a set of fixed-point-free involutions of Sn with the property that, given any two dis- 
joint transpositions (a,b) and (c,d), there is precisely one involution in the set which 
involves both (a, b) and (c, d) in its expression as a product of disjoint transpositions. 
A counting argument shows that an oval configuration in S, must consist of precisely 
(n -  1 ) (n -  3) involutions. The terminology arises due to the connection with ovals 
(sometimes called hyperovals) in projective planes of even order. An oval in a pro- 
jective plane of even order m (that is, a set of m + 2 points, no three of which are 
collinear) gives rise to an oval configuration i  Sn, where n = m + 2, via the following 
construction. If P is a point not on the oval, then all lines through P meet the oval in 
zero or two points. If we label the points of the oval 1,2 . . . . .  n then a line through P 
meeting the oval in two points i , j  determines the transposition ( i , j)  in Sn. Thus, the 
point P determines a fixed-point-free involution of S,, namely the product of all the 
transpositions ( i , j )  determined by the lines through P meeting the oval in two points 
(these transpositions being disjoint). Letting P range over all the points of the plane 
not on the oval, the set of involutions of Sn determined by these points forms an oval 
configuration. All known examples of oval configurations of involutions, except for 
one, arise via this construction from ovals in the known planes of even order (which 
all have order a power of 2). The exception is an oval configuration discovered by 
Mathon in $10 (see [2]). 
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Given an oval configuration i Sn there is an associated partial geometry pg(k, 2k -3 ,  
k - 2) where n--2k. This is the geometry obtained by taking points to be transpo- 
sitions of S,, with lines determined by the involutions in the oval configuration (an 
involution gives a line whose points are the transpositions involved in the involution). 
The point graph of this associated partial geometry is the strongly regular graph T(n), 
the complement of the triangular graph T(n). 
For the symmetric groups of small even degree the situation concerning oval con- 
figurations is as follows. For $4 and $6, the only example, in each case, is obtained 
by taking the set of all fixed-point-flee involutions. For $8, an easy calculation shows 
that there is no oval configuration (see [2]). For $10, there are two examples up to 
isomorphism, one arising from an oval in a plane of order 8 and the other being the 
example of Mathon referred to above. (Oval configurations in the same symmetric 
group are isomorphic if they are conjugate as sets). For $12, it has been shown by 
an extremely long, exhaustive computer search that there are no oval configurations 
(see [1]). This result forms part of the proof, by computer, of the non-existence of a 
projective plane of order 10 as it shows that a plane of order 10 cannot have an oval 
and, therefore, that the extended code of the plane has no vectors of weight 12. For 
the symmetric groups of degree t> 14, there are no cases where it has been shown that 
an oval configuration cannot exist. The known examples, however, occur only in the 
cases where the degree is of the form 2 t + 2. The purpose of this paper is to examine 
the existence question in the first open case, namely, in S14. In view of the length of 
the computer search in the case $12, a complete search for oval configurations in $14 
seems out of the question at present. We therefore search, by computer, for an oval 
configuration i variant under a Frobenius group of order 39. The main result of this 
paper is the following: 
Theorem. There is no oval configuration of involutions in S14 invariant under conju- 
gation by a Frobenius ubgroup of order 39. 
2. The method of search 
Since all Frobenius ubgroups of order 39 in S14 are conjugate, we may assume that 
our collineation group is the subgroup G = HK, where H is the subgroup generated by 
(1,2 . . . . .  13) and K is the subgroup generated by (1,3,9)(2,6,5)(4, 12, 10)(7,8, 11). 
An oval configuration of Sl4 invariant under conjugation by elements of G can be 
described more concretely as an oval configuration i variant under the following two 
operations on the symbols 1,2 . . . . .  13 with 14 being fixed: (a) adding 1 (mod 13); 
(b) multiplying by 3 (mod 13). Note that 2 is a primitive root mod 13 and so 24 = 3 
has order 3 in the multiplicative group Z~' 3. An oval configuration has size 13-11 
and, if G-invariant, consists of 11 H-orbits, each of size 13. Moreover, K acts on 
these 11 H-orbits. Since K has order 3, there are at least 2 H-orbits fixed by K. 
More precisely, the number of H-orbits fixed by K in a G-invariant oval configura- 
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tion is ~ 2 (rood 3). This is a crucial observation since the H-orbits of fixed-point-free 
involutions of $14 invariant under K, in other words the G-orbits of size 13, are rel- 
atively scarce and can be easily enumerated (even by hand). We define the difference 
of a transposition ( i , j )  with i < j < 14 to be j - i if this is at most 6 and oth- 
erwise to be 13 - ( j - i ) .  If one of i, j is 14, we define the difference of ( i , j )  to 
be ~.  Define the difference class Td to be the set of all transpositions of difference d. 
Thus, the difference classes T1 ..... 7"6, T~ partition the set of all transpositions. Mul- 
tiplication by 3 (rood 13) permutes the difference classes of transpositions in cycles 
(Tl, T3, 7"4)(/'2, T6, Ts)(T~). An H-orbit of fixed-point-flee transpositions fixed by K 
must consist of involutions of type 1,2, 3,4, 5, 6 (which we call difference-distinct) or 
type 1, 1,3, 3, 4, 4 or type 2, 2, 5, 5, 6, 6, where the type refers to the differences ~ cx) 
of the transpositions involved in the involution. This observation simplifies the task 
of enumerating the orbits. It turns out that there are precisely 27 such orbits. We list 
these by giving a representative of each orbit involving (1,2) if possible and, if not, 
(1,3). Note that the first 13 orbits listed are of difference-distinct type, while there are 
7 orbits of each of the other two types, which are interchanged by multiplication by 
2(mod 13). 
(A1) (1,2)(3, 5)(7, 10)(8, 12)(4, 9)(6, 13)(I 1, 14) 
(A2) (1,2)(4, 6)(7, 10)(8, 12)(5, 13)(3,9)(11, 14) 
(BI) (1,2)(4,6)(9, 12)(5, 11)(3, 7)(8, 13)(10, 14) 
(C1) (1,2)(6,8)(9,12)(3,7)(5,13)(4,11)(10,14) 
(C4) (1,2)(6,8)(10, 13)(7, 11)(4,9)(5, 12)(3, 14) 
(B2) (1,2)(7,9)(5, 8)(4, 13)(6, 1 1)(3, 10)(12, 14) 
(B4) (1,2)(7,9)(8, 11)(3, 12)(5, 10)(6, 13)(4, 14) 
(,) (1,2)(7, 9)(3, 13)(6, 10)(4, 12)(5, 11)(8, 14) 
(C3) (1,2)(8, 10)(4,7)(9, 13)(3, 11)(5, 12)(6, 14) 
(C2) (1,2)(8, 10)(3,6)(5,9)(7,12)(4, 11)(13, 14) 
(B3) (1,2)(10, 12)(4, 7)(9, 13)(3, 8)(5, 11)(6, 14) 
(A4) (1,2)(10,12)(6,9)(4,8)(3,11)(7,13)(5,14) 
(A3) (1,2)(11,13)(6,9)(4,8)(7,12)(3,10)(5,14) 
(G1) (1,2)(4,5)(3,6)(7, 10)(8, 12)(9, 13)(11,14) 
(Ol) (1,2)(4,5)(10, 13)(6,9)(7, 11)(8, 12)(3, 14) 
(G3) (1,2)(4,5)(3, 13)(9, 12)(6, 10)(7, 11)(8, 14) 
(HI) (1,2)(5,6)(7, 10)(8, 11)(3, 12)(9, 13)(4, 14) 
(El) (1,2)(5,6)(9, 12)(8, 11)(3,7)(4, 13)(10, 14) 
(H3) (1,2)(5,6)(9, 12)(10, 13)(4,8)(7, 11)(3, 14) 
(F1) (1,2)(6, 7)(8, 1 1)(10, 13)(3, 12)(5,9)(4, 14) 
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(G2) 
(D2) 
(G4) 
(H2) 
(E2) 
(H4) 
(F2) 
(1,3)(7,9)(6,13)(5,11)(2,10)(4,12)(8,14) 
(1,3)(7,9)(6,12)(4,11)(8,13)(2,10)(5,14) 
(1,3)(7,9)(5,12)(4,10)(6,11)(8,13)(2,14) 
(1,3)(9,11)(6,13)(2,8)(5,10)(4,12)(7,14) 
(1,3)(9,11)(5,13)(7,12)(2,8)(4,10)(6,14) 
(1,3)(9,11)(4,10)(6,12)(2,7)(8,13)(5,14) 
(1,3)(11,13)(4,9)(5,10)(2,8)(6,12)(7,14) 
We have labelled these representatives in groups, which reflect the fact that multi- 
plication by 2 (mod 13) permutes them. For example, (A1,A2,A3,A4) and (D1,D2) 
are cycles in this permutation. The representative (,) is fixed. More precisely, multi- 
plication by 2 (mod 13) permutes the corresponding H-orbits. In order to clarify the 
exposition, we list in full the G-orbit of the representative (.): 
(1,2)(7,9)(3,13)(6,10)(4,12)(5,11)(8,14) 
(2,3)(8,10)(4,1)(7,11)(5,13)(6,12)(9,14) 
(3,4)(9,11)(5,2)(8,12)(6,1)(7,13)(10,14) 
(4,5)(10,12)(6,3)(9,13)(7,2)(8,1)(11,14) 
(5,6)(11,13)(7,4)(10,1)(8,3)(9,2)(12,14) 
(6,7)(12,1)(8,5)(11,2)(9,4)(10,3)(13,14) 
(7,8)(13,2)(9,6)(12,3)(10,5)(11,4)(1,14) 
(8,9)(1,3)(10,7)(13,4)(11,6)(12,5)(2,14) 
(9,10)(2,4)(11,8)(1,5)(12,7)(13,6)(3,14) 
(10,11)(3,5)(12,9)(2,6)(13,8)(1,7)(4,14) 
(11,12)(4,6)(13,10)(3,7)(1,9)(2,8)(5,14) 
(12,13)(5,7)(11,1)(4,8)(2,10)(3,9)(6,14) 
(13,1)(6,8)(2,12)(5,9)(3,11)(4,10)(7,14) 
(We remark that this is the factor-cyclic 1-factorisation of the complete graph KI4, of- 
ten denoted GKj4.) Observe that multiplication by 3 (mod 13) sends the representative 
(,) to (3,6)(8,1)(13,9)(5,4)(10,12)(2,7)(11,14) which is the fourth involution listed 
in the orbit, showing that this H-orbit is fixed by K so is a full G-orbit. As remarked 
above, this particular orbit is closed under multiplication by 2 (mod 13) and thus is 
invariant under a Frobenius group of order 13.12. 
Each of the 27 orbits has the property that no product of disjoint transpositions 
(a,b)(c,d) occurs in more than one involution in the orbit. This must be so for the 
orbits of difference-distinct type but for the other orbits it is not clear immediately and 
must be verified directly. It is only necessary to check one representative from each 
of the groups D, E, F, G, H. 
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3. T~ next ~age 
We say that two of the above orbits are compatible if no (a, b)(c,d) is involved in 
more man one invol~ion in their ~ion.  Thus, comp~ible o~its could possibly both 
be subsets of an oval configur~ion. By computer, we can dete~ine all ~e comp~ible 
pairs ~om the 27 o~its. The result is given by the ~llowing matrix wi~ rows and 
columns co~esponding to the 27 o~its in the order listed ~ove.  ~ the matrix we 
enter a 1 in the (i,j) position if o~it i is comp~ible wi~ orbit j, and 0 o~e~ise.  
0 0 1 1 0 1 0 1 1 1 1 0 1 0 0 1 0 1 1 1 1 0 0 1 1 0 1 -  
0 0 0 0 1 1 1 1 1 1 1 1 0 0 0 1 0 1 1 1 0 0 1 0 1 1 1  
1 0 0 0 1 1 1 0 1 1 0 1 1 1 1 0 1 0 0 1 1 1 1 0 0 1 0  
1 0 0 0 0 1 1 1 1 0 1 1 1 1 1 0 1 0 0 1 1 0 0 1 1 0 0  
0 1 1 0 0 1 0 1 0 1 1 1 1 1 0 0 1 1 0 0 0 1 1 0 0 1 1  
1 1 1 1 1 0 0 0 1 0 1 1 0 1 1 1 1 0 0 0 1 1 0 1 0 0 1  
0 1 1 1 0 0 0 0 1 1 1 1 1 1 1 1 0 0 1 0 0 1 1 0 0 1 1  
1 1 0 1 1 0 0 0 1 1 0 1 1 0 1 0 1 1 1 1 0 1 0 1 1 1 1  
1 1 1 1 0 1 1 1 0 0 0 0 1 0 1 1 0 0 1 1 0 0 1 0 1 1 0  
1 1 1 0 1 0 1 1 0 0 1 1 0 0 0 1 0 1 1 0 1 1 0 1 0 0 1  
1 1 0 1 1 1 1 0 0 1 0 0 1 0 1 1 0 0 1 1 1 1 1 1 0 0 0  
0 1 1 1 1 1 1 1 0 1 0 0 0 1 0 0 1 1 0 1 1 0 0 1 1 0 1  
1 0 1 1 1 0 1 1 1 0 1 0 0 1 0 0 1 1 0 1 0 0 1 0 1 1 1  
0 0 1 1 1 1 1 0 0 0 0 1 1 0 0 0 0 0 1 0 1 1 1 1 1 1 1  
0 0 1 1 0 1 1 1 1 0 1 0 0 0 0 0 0 1 0 0 1 1 1 1 1 1 1  
1 1 0 0 0 1 1 0 1 1 1 0 0 0 0 0 1 0 0 0 1 1 1 1 1 1 1  
0 0 1 1 1 1 0 1 0 0 0 1 1 0 0 1 0 0 0 0 1 1 1 1 1 1 1  
1 1 0 0 1 0 0 1 0 1 0 1 1 0 1 0 0 0 0 0 1 1 1 1 1 1 1  
1 1 0 0 0 0 1 1 1 1 1 0 0 1 0 0 0 0 0 0 1 1 1 1 1 1 1  
1 1 1 1 0 0 0 1 1 0 1 1 1 0 0 0 0 0 0 0 1 1 1 1 1 1 1  
1 0 1 1 0 1 0 0 0 1 1 1 0 1 1 1 1 1 1 1 0 0 0 0 0 1 0  
0 0 1 0 1 1 1 1 0 1 1 0 0 1 1 1 1 1 1 1 0 0 0 0 1 0 0  
0 1 1 0 1 0 1 0 1 0 1 0 1 1 1 1 1 1 1 1 0 0 0 1 0 0 0  
1 0 0 1 0 1 0 1 0 1 1 1 0 1 1 1 1 1 1 1 0 0 1 0 0 0 0  
1 1 0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 1 1 1 0 1 0 0 0 0 0  
0 1 1 0 1 0 1 1 1 0 0 0 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0  
1 1 0 0 1 1 1 1 0 1 0 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0  
We can view this marx  as the a~acency matrix of a ~aph (the compatibility 9r~h) 
with ve~ices co~esponding to the 27 o~its, where ve~ices are a~acent if the co~e- 
sponding orbits are compatible. Recall that if there is a G-invariant oval configuration 
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then the number of  H-orbits fixed by K is -- 2 mod 3. These fixed orbits must form 
a clique in the compatibility graph. By computer, we determine the maximum clique 
size in this graph to be 7. We deduce that the number of  fixed orbits in an oval con- 
figuration is either 2 or 5. The number of  5-cliques is actually 127. Each gives a start 
to a possible oval configuration consisting of  65 involutions, which can be tested for 
completion. It turns out that none can be extended, showing that there is no oval con- 
figuration with five fixed orbits. In actual fact, none of the starts can be extended by the 
addition of  a single G-invariant orbit of  length 39 to give a partial oval configuration 
of  size 8.13. (We use the term partial oval confiyuration in an almost obvious sense 
but a formal definition is obtained by replacing, in the definition of  oval configuration 
given at the start of  this paper, the word precisely by the words at most). Finally, we 
must deal with the possibility of two fixed orbits. Thus, we must test each compatible 
pair for completion to an oval configuration. In each case we have a start consist- 
ing of  26 involutions. A computer search showed that none of these starts extends to 
a G-invariant oval configuration. In the search, we attempt o add three G-orbits of  
length 39. In no case are we able to find an extension by two such orbits that yields 
a partial oval configuration. We have therefore proved our main theorem that there is 
no G-invariant oval configuration. 
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